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Abstract
We construct the equivalent of the Godbillon-Vey class and its gen-
eralizations for regular foliations on super-manifolds. We interpret these
classes as classes of foliated flat connections.
Re´sume´
Nous de´terminons l’e´quivalent de la classe de Godbillon-Vey et de ses
ge´ne´ralisations pour des feuilletages re´guliers sur des super-varie´te´s. Nous
inte´rpre`tons ensuite ces classes comme des classes caracte´ristiques as-
socie´es a` des connections feuillete´es plates.
La classe de Godbillon-Vey est un ele´ment de H3(M,R) associe´e a` un feuil-
letage re´gulier de codimension 1 sur une varie´te´M . Depuis les travaux de Fuks,
Bershtein ou Rozenfel’d [2, 3], on sait plus ge´ne´ralement, associer a` tout feuil-
letage de codimension n sur une varie´te´M un homomorphisme de H∗
(
V ect(n)
)
a` valeurs dans H∗(M,R), ou, en d’autres mots, on sait construire autant de
classes caracte´ristiques qu’il y a de classes de cohomologie dans la cohomologie
de Gelfand-Fuks de l’alge`bre de Lie V ect(n) des champs de vecteurs formels.
Conside´rons M une super-varie´te´ et M sa varie´te´ de base. Nous associons
dans la pre´sente note un e´le´ment de H1(M,R) a` des super-feuilletages F de
codimension 0 + ǫ1 par le the´ore`me suivant:
The´ore`me A Soit un super-feuillatege F de codimension 0 + ǫ1 de´termine´
par une 1-forme paire a et soit X un super-champ de vecteur tel que a(X ) = 1.
La classe de cohomologie de p(LXa) ∈ Ω1(M), ou` p : Ω(M) → Ω(M) est la
projection canonique, ne de´pend pas des choix de a et X .
C’est cette classe que disons eˆtre un e´quivalent de la classe de Godbillon-
Vey. Plus ge´ne´ralement, nous affirmons que l’on peut associer a` un super-
feuilletage au comple´mentaire trivial une application de H∗
(
V ect(n,m)0
)
dans
H∗(M,R, ou` H∗
(
V ect(n,m)0
)
est la cohomologie de Gelfand-Fuks de la partie
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paire V ect(n,m)0 de la super-alge`bre de Lie V ect(n,m) des super-champs de
vecteurs formels a` n parame`tres pairs et m parame`tres impairs. En d’autre
mot, e´tant donne´ un C ∈ H∗
(
V ect(n,m)0
)
, nous construisons une classe car-
acte´ristique φF (C) ∈ H∗(M,R).
The´ore`me B Soit un super-feuillatege F de codimension n+ ǫm admettant
un supple´mentaire trivialisable. Il existe un homomorphisme φF : H
∗
(
V ect(n,m)0
)
→
H∗(M) tel que
1. si f∗ : N →M est une submersion, alors φf∗(F) = f˜ ◦ φF , ou` f
∗(F) est
le tire´ en arrie`re du super-feuilletage F et ou` f˜ : N →M est l’application
lisse induite par la restriction de f aux varie´te´s de bases,
2. siM est une varie´te´ diffe´rentielle ordinaire, φF est l’application de Bershtein,
Fuks et Rozenfel’d, [2, 3].
Il peut sembler surprenant que ce soit la cohomologie H∗(M) de la varie´te´
de base qui joue un roˆle ici: cela est duˆ a` un re´sultat de Batchelor [8] selon
lequel cette cohomologie est isomorphe a` celle de la super-varie´te´ M. Enfin,
remarquons que c’est la cohomologie de la partie paire V ect(n,m)0 et non celle
de V ect(n) qui ge´ne´ralise le re´sultat classique. Il est en fait heureux qu’il en
soit ainsi puisque l’on peut montrer [1, 4] que lorsque n < m l’espace vectoriel
H∗
(
V ect(n,m)0
)
n’est que de dimension 2.
Nous expliquerons enfin pourquoi a` partir de tout super-feuilletage sur une
super-varie´te´ M, on peut construire ce que l’on appelle des connections feuil-
lete´es plates sur la varie´te´ de base M ; c’est a` dire un feuilletage sur la varie´te´
de base, un fibre´ vectoriel et une connection plate de ce fibre´ vectoriel de´finie
uniquement le long des feuilles du feuilletage. On obtient alors
The´ore`me C Si a` deux super-feuilletages F et F ′ sont associe´es des connnec-
tions feuillete´es plates isomorphes, alors φF = φF ′ .
En d’autres termes, nos classes caracte´ristiques peuvent se comprendre comme
des classes caracte´ristiques de connections feuillete´es plates.
1 Introduction
The Godbillon-Vey class is an element of H3(M,R) associated to a regular
foliation of codimension 1 on a manifold M . More generally, to any regular
foliation F with a trivial supplement on a manifold M is uniquely associated a
(non-trivial in general) homomorphism from H∗
(
V ect(n)
)
to H∗(M,R), see [2]
or [3] (where H∗
(
V ect(n)
)
is the Gelfand-Fuks cohomology of the Lie algebra
V ect(n) of formal vector fields with n parameters).
Let M be a super-manifold and M its basis manifold. We construct in
this article an equivalent of the Godbillon-Vey class on a super-manifold M
endowed with a super-foliation of codimension 0 + ǫ1. This class is an el-
ement of H1(M,R). More generally, we will show how to associate to any
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super-foliation F of codimension n + ǫm with a trivial supplement, a homo-
morphism φF : H
∗
(
V ect(n,m)0
)
→ H∗(M,R) where H∗
(
V ect(n,m)0
)
is the
Gelfand-Fuks cohomology of the even part V ect(n,m)0 of the super-Lie algebra
V ect(n,m) of formal vector fields with n even parameters and m odd param-
eters. In other words, we define for any C ∈ H∗
(
V ect(n,m)0
)
a characteristic
class φF (C) ∈ H∗(M,R) of super-foliation with a trivial supplement. The
reader must not be surprised by the fact that the de Rham cohomology ofM is
not used: by a result of Batchelor [8], this cohomology is indeed isomorphic to
the cohomology of the basis manifold. Note that only the even part V ect(n,m)0
appears: it is indeed better like this, since H∗
(
V ect(n,m)
)
has only two non-
trivial generators for n < m, see [3].
We will explain then why these classes are in fact completely determined by
a foliation with a trivial supplement on the basis manifold M , a trivial vector
bundle and a flat foliated connection canonically associated to the initial super-
foliation onM and can be therefore understood as characteristic classes of such
objects.
2 Foliations on super-manifolds
We denote by O(M) the super-functions on a super-manifold M, by V ect(M)
the super-Lie algebra of super-vector fields and by
(
Ω(M), d
)
the super-algebra
of differential forms on M endowed with its de Rham differential.
On the super-manifold Rp,q, we denote by B the O(Rp,q)-sub-module of
V ect(Rp,q) generated by the super-vector fields ( ∂
∂x1
, . . . , ∂
∂xp−n
) and ( ∂
∂θ1
, . . . , ∂
∂θq−m
)
where x1, . . . , xp, θ1, . . . , θq are the natural parametrisation of R
p,q. A regular
super-foliation F of codimension n+ ǫm is a sub-super-Lie algebra V ect(F) of
V ect(M) such that for any x in the basis manifold M there exists a neighbor-
hood U of x and a diffeomorphism from U and Rp,q that provides an isomorphism
between B and the restriction of V ect(F) to U .
We say that a super-foliation F admits a trivial supplement when there exists
odd 1-forms ω1, . . . , ωn and even 1-forms a1, . . . , am generating a free O(M)-
module of super-dimension n+ǫm such that V ect(F) = {X ∈ V ect(M)|ω1(X ) =
. . . = ωn(X ) = a1(X ) = . . . = amX = 0}.
An important point is that to any super-foliation F of codimension n +
ǫm on a super-manifold M is associated by a canonical way a super-foliation
with a trivial supplement on a Gl(n,m)-principal bundle over M, see [7]. This
Gl(n,m)-principal bundle is the super-manifold of free n+ ǫm families T ∗(M)
that vanishes on V ect(F). Therefore, we can always assume that the super-
foliation admits a trivial supplement, by replacing the initial super-foliation by
this new one if necessary.
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3 An equivalent of Godbillon-Vey classes for super-
foliations of codimension 0 + ǫ1
Let F be a regular super-foliation of codimension 0+ǫ1 with a trivial supplement
given by an even 1-form a and Θ an unique odd super-vector field satisfying
a(Θ) = 1. Let us consider the 1-form on M given by A = p(LΘa) where
p : Ω(M)→ Ω(M) is the natural projection.
Theorem 3.1 The 1-form A is closed. Its cohomology class in H1(M,R) does
not depend upon the choice of a and Θ.
This Theorem allows us to consider [A] ∈ H1(M,R) as a characteristic class
of a super-foliation of codimension 0 + ǫ1.
Proof: Since the 1-form a defines a super-foliation of codimension 0 + ǫ1,
there exists an odd 1-form b such that da = b ∧ a, see [9]. Since b is odd, we
have b ∧ b = 0 and the identity 0 = d2a = a ∧ b ∧ b + a ∧ db = a ∧ db holds.
This implies that db = 0 because, a being a regular even 1-form, we have the
surprising property that a ∧ c = 0 implies c = 0 for any c ∈ Ω(M).
Now from LΘa = ıΘda = ıΘa ∧ b = b+ a ∧ ıΘb, we deduce immediately that
A = p(LΘa) = p(b). The 1-form A is thus a closed 1-form on M that does not
depend on the choice of Θ.
To show that [A] does not depend on the choice of the 1-form a chosen, we
just have to see that if we replace a by fa for f an even invertible super-function
on M, we have d(fa) = c ∧ fa with c = b+ df
f
and, as a consequence,
p(c) = p(b) + p(
df
f
) = p(b) +
dp(f)
p(f)
.
The super-function f being invertible, p(f) never vanishes, so the 1-form
p(df
f
) = d
(
ln(|p(f)|)
)
is exact on M . ⊲
Exemple 1 . On the super-circle S1,1, let us denote x ∈ S1 the even parameter
and θ the odd parameter. For any t ∈ R, let us consider the super-foliation of
codimension 0+ ǫ1 defined by the 1-form dθ+ tθdx. Let us choose Θ = d
dθ
. We
have A = p(LΘa) = tdx and [A] = t ∈ H1(S1,R) ≃ R. The characteristic class
that we obtain in this case is thus non-zero if t 6= 0.
4 Generalization
The Lie super-algebra V ect(n,m) of super-vector fields on Rn,m with polynomial
coefficients is defined for example in [1]: it is the Lie super-algebra of super-
derivations of R[x1, . . . , xn]⊗
∧
R
m where R[x1, . . . , xn] is the algebra polynomial
functions on Rn. We denote by H∗
(
V ect(n,m)0
)
the cohomology of the even
part of V ect(n,m). The following Theorem defines characteristic classes of a
super-foliation with a trivial supplement.
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Theorem 4.1 To any super-foliation with a trivial supplement of codimension
n + ǫm, we can associate a natural and non-trivial in general homomorphism
φF from H
∗
(
V ect(n,m)0
)
to H∗(M,R) such that
1. if f : N → M is a submersion of super-manifolds, then φf∗F = f˜∗φF
where the super-foliation f∗F is the pull-back of F by f and f˜ : N → M
is the smooth map induced by f on basis manifolds.
2. if M is an (ordinary) smooth manifold, then m = 0 and φF reduces to the
well-known map of Fuks, Bershtein and Rozenfel’d [2], [4].
The proof of this statement turns to be far away from being easy and will
be published in [7].
Exemple 2 . It is not difficult to see (see [7]) that H1
(
V ect(0, 1)0
)
≃ R and
Hi
(
V ect(0, 1)
)
= 0 for i ≥ 2. The characteristic class associated to H1
(
V ect(0, 1)
)
is the class described in Theorem 3.1.
5 Super-foliation on a super-manifold and flat
foliated connection on its basis manifold
5.1 Characteristic classes of trivial flat foliated connec-
tions
Let F be a foliation of codimension n on a smooth manifold M and E a vector
bundle over M . We recall that a foliated connection is a bilinear map ∇ :
V ect(F )⊗Γ(E)→ Γ(E) that satisfies the usual properties of a connection. We
say that this foliated connection is flat if ∀X,Y ∈ V ect(F ), ∀s ∈ Γ(E) we have
∇X∇Y s − ∇Y∇Xs − ∇[X,Y ]s = 0. By a trivial foliated connection (F,E,∇),
we mean a foliation F with a trivial supplement on M , a trivial vector bundle
E over M and a foliated connection ∇.
There is a natural application from the set of flat trivial foliated connections
(F,E,∇) to the set of super-foliations F with a trivial supplement: given a
trivial foliated connection (F,E,∇) we define first the super-manifoldM whose
super-functions are the sections of ∧∗E and the super-foliation generated by the
even derivations ∇X of O(M) for all X ∈ V ect(F ). By Theorem 4.1, we can
therefore associate to any flat trivial foliated connection a homomorphism from
H∗
(
V ect(n,m)0
)
to H∗(M,R). This defines characteristic classes of a trivial
flat foliated connection, which can be shown to be non-trivial in general.
5.2 A functor from super-foliations to flat foliated connec-
tions
Given a super-foliations with a trivial supplement on a super-manifold M one
can construct a flat trivial foliated connection as follows. Let F be a super-
foliation F with a trivial supplement.
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• First a regular foliation F onM is defined by the Lie algebra p
(
V ect(F)0
)
,
p being here the natural projection from the even part of V ect(M) onto
V ect(M) and V ect(F)0 being the even part of V ect(F).
• Second a vector-bundle EF is defined to be the vector bundle whose sec-
tions are of the form JFO(M)
I2
, where I is the ideal of nilpotent elements of
O(M) and JF the algebra of odd super-functions constant on the leaves
of F (i.e. the algebra of super-functions f such that df(X˜) = 0 for any
X˜ ∈ V ect(F)0).
• The foliated connection is then defined ∀X ∈ V ect(F ), ∀s ∈ Γ(E) by
∇Xs = df(X˜) mod I
2
where f ∈ JFO(M) is a super-function with s = f mod I2 and X˜ ∈
V ect(M) is an even super-vector field that projects naturally on X . We
let the reader check that this defines a foliated connection.
• If the super-foliation F has a trivial supplement then the foliation F has
a trivial supplement also and the vector bundle EF is trivial.
We have therefore constructed a trivial foliated connection. It is easy now
to check that:
Proposition 5.1 [7] The foliated connection ∇ on EF is flat.
This last Proposition achieves our construction. Note that this construction
is not the inverse of the construction of section 5.1, see [7].
Theorem 5.1 [7] Two super-foliations F and F ′ with a trivial supplement on
a super-manifold M defining isomorphic flat trivial foliated connections have
the same characteristic classes, i.e., the homomorphisms φF and φF ′ from
H∗
(
V ect(n,m)0
)
to H∗(M,R) associated to these super-foliations are equal.
The foliation F previously defined has a trivial supplement: therefore the
theory of characteristic classes of [2, 4] applies and provides a homomorphism
φF : H
∗
(
V ect(n)∗)→ H∗(M,R). These characteristic classes are among those
constructed in Theorem 4.1. More precisely, there is a natural inclusion i :
H∗
(
V ect(n)∗)→ H∗
(
V ect(n,m)∗0), see [7], and it can be shown that
Proposition 5.2 [7] The following diagram is commutative
H∗
(
V ect(n)∗)
i
→ H∗
(
V ect(n,m)∗0)
ց φF ↓ φF
H∗(M,R)
.
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